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THE EMPIRICAL STATUS OP GEOMETRICAL ENTITIES 

CONCERNING the difference between concepts and percepts, 
philosophers are widely agreed. Since Socrates there has been 
but one verdict whenever men have asked whether concepts are per- 
ceptible. They will all tell you that there are profound and in- 
eliminable differences between cognizing justice and noting the crow 
in yonder tree. The entities known through reflection are not those 
discerned with mere eyes and ears. Knowledge is radically unlike 
perception. An idea is not a percept. 

Now, I would not criticize here this psychological dualism in gen- 
eral. I wish only to lay bare one particular error which it has en- 
gendered and one fallacy by which men have argued themselves into 
that error. This error is the one of supposing that the concepts of 
pure geometry can not be found in the realm of percepts. And the 
fallacy leading to the error is a complex variety of the fallacy of 
accident; a variety so distinct and so dangerous that it deserves a 
brand of its own. 

While the proofs of the points I am about to make are not suffi- 
cient to disprove the psychological dualism out of which the error 
and fallacy arise, nevertheless they must bring this hypothesis under 
fresh suspicion. 

A defender of the psychological dualism might consistently ac- 
cept the perceptibility of geometry's ideas and retain his faith in his 
hypothesis; he could do so by declaring that, although he had sup- 
posed those entities to be concepts, they turn out to be percepts. But 
I fancy that few persons would be willing to take refuge in this 
opinion; for it is just such ideas as those of geometry (and mathe- 
matics) which Plato and nearly everybody else have regarded as 
most obviously conceptual. They seem to be "pure ideas. " In them 
is no taint of the tangible nor of the visible. If, then, we can show 
the perceptibility of even one of them, grave doubt will be cast upon 
the conceptual status of all others. 

393 
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A Specimen of the Fallacy. — Although the fallacy I am about to 
describe is committed by many thinkers of much higher philosoph- 
ical skill and repute than Karl Pearson, I prefer to cite this gentle- 
man's use of it. Pearson's bad reasoning is so bold and undisguised 
that any undergraduate who scans may penetrate its errors. One of 
the numerous passages in "The Grammar of Science" flaunting this 
particular fallacy occurs in the chapter on space and time. Here 
Pearson undertakes to prove, from a well-known fact about the 
"inaccuracies of perception," that conceptual space is a "purely 
ideal limit of a process begun in perception" and hence is "only an 
ideal symbol," a "scientific short-hand" whose validity lies only in 
"the power it gives us of codifying past and predicting future ex- 
perience." The fact he employs is this: 

"The geometrical ideas of line and plane involve absolute same- 
ness in all their elements and absolute continuity. . . . But do we ex- 
perience anything like these in our perceptions ? The fly-leaf of this 
book appears at first sight a plane surface bounded by a straight line, 
but a very slight inspection with a magnifying lens shows that the 
surface has hollows and elevations in it. . . . However great care we 
take in the preparation of a plane surface, either a microscope or 
other means can be found of sufficient power to show that it is not a 
plane surface. It is precisely the same with a straight line. . . . Our 
experience gives us no reason to suppose that with any amount of 
care we could obtain a perceptual straight line or plane, the elements 
of which would on indefinite magnification satisfy the condition of 
ultimate sameness involved in the geometrical definitions. "We are 
thus forced to conclude that the geometrical definitions are the re- 
sults of processes which may be started, but the limits of which can 
never be reached in perception ; they are pure conceptions having no 
correspondence with any possible perceptual experience." 

The Misinterpretation of Geometry Underlying this Argument. — 
Here is an argument which is as simple and as plausible as it is fa- 
miliar. It is, however, wholly dependent upon a very loose inter- 
pretation of the geometrical definitions which it contrasts with per- 
cepts. And this same laxity smuggles into the definitions a meaning 
utterly foreign to them and to the intent of the geometer. To be 
specific, Pearson misconstrues "absolute" in the definition of the 
straight line. He takes it to mean "invariable in all physical rela- 
tions. ' ' But, to the geometer who never employs the adjective tech- 
nically as a description of figures, it carries only the colloquial 
meaning of " perfect. " Now, to what does this perfection refer? I 
think there can be no doubt as to what reply the geometer would 
make to the question. He certainly would say that a line or other 
figure is "absolute" or "perfect" if it fulfills its definition. To put 
his case still more sharply, he would say that an "absolute" quality 
of a straight line, in his science, is merely a precise relation of agree- 
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merit between something that is described or defined and the specifi- 
cations included in the definition; it is not necessarily a quality 
which the object displaying it always possesses under all conditions. 
When he speaks of the straight line as having all its elements 
"absolutely" the same and continuous, does he allege that there is, 
in nature, an object which, however magnified to the eye, will always 
look continuous and homogeneous? Certainly, he does not. On the 
contrary, he says only that, wherever you find an object which is 
continuous and homogeneous in the manner named, there you have 
what he terms a straight line. Please emphasize "wherever" and 
"there"! The careful speaker, in geometry, does not use these 
words; instead, he says "if" and "then." He says: "I shall define 
a straight line as one which is continuous, homogeneous, etc." And 
then he goes on with his geometrical reasoning: "Whenever I have 
a straight line, I can do thus and so with it ; it has these peculiarities. 
And so on. ' ' Not once does it occur to him to ask whether this ob- 
ject might be approached or manipulated in such a manner as to be 
changed from a straight line into a crooked or a broken one. In this 
respect he does as anybody else does when engaged in analysis. The 
chemist who is analyzing a poison does not ask nor care whether the 
stuff might be a food under some circumstances. He does not even 
ask whether the atoms of the poison may not "really" be ether 
whorls. As soon as he asks this question, he passes beyond analysis. 
It may be a very useful question to ask, but it raises new issues ; and 
nothing discovered in connection with these new issues can alter the 
facts of pure analysis. 

The geometer defines a straight line as continuous and homo- 
geneous, but he does not say anything whatever about the conditions 
of its existence in nature nor about its looking the same from every 
point of view. There is absolutely nothing in his definitions nor in 
their implications which necessitates his forming any opinion what- 
ever about the invariable appearance of the real line under all cir- 
cumstances. He does not feel obliged to say that, because a three- 
inch straight line looks shorter, when viewed from a distance, there- 
fore it is not really a three-inch line, in the sense of the original defi- 
nition (which, of course, is the only sense permissible) . Why, then, 
should he admit to the philosopher that the line is only an "ideal 
construct, ' ' inasmuch as it changes its appearance as you draw nearer 
to it and magnify it? No such concession can be wrung from the 
geometrical definitions themselves; for all they state is that a homo- 
geneous continuum of one dimension shall be designated a straight 
line. But where shall we find such a continuum? Geometry is 
silent. Is it impossible that such a continuum display its peculiari- 
ties under some circumstances and not under others? Again, no 
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word from geometry. One might as well ask of it whether straight 
lines may not be green as well as red, or curves used in frescoes as 
well as in engineering. 

Now, please observe carefully the implications of the geometer's 
own definition and its restrictions. "If continuous and homogene- 
ous," says he, "then a straight line." If this be the definition, and 
if it be taken without any spurious interpretations, then we must 
say that, whenever a line is seen as homogeneous and continuous, 
then it is a perceived straight line. In other words, if I observe a 
line devoid of every heterogeneity and break, then I perceive pre- 
cisely what the geometer means by a straight line. I find no logical 
escape from this conclusion. For to put it in syllogistic form, 

1. A homogeneous continuum of one dimension is a straight line. 

2. I see a homogeneous continuum of one dimension (e. g., the 

ridge line of a distant house against the sky). 

3. Therefore, I see a straight line. 

This conclusion is in no wise vitiated by the fact that, under 
some conditions of existence in the physical world, a physical object 
which exhibits geometrical straightness may be viewed or manipu- 
lated so as to lose its straightness under the new conditions. The 
above syllogism can be rejected only by reading into the definition 
of the straight line certain qualifications which the geometer rejects, 
namely, the invariability of a physical straight line under all pos- 
sible conditions. This qualification the geometer can not make with- 
out altering his purpose and his methods of investigation. Further- 
more, it would be a gratuitous assumption which a very little re- 
search would quickly prove absurd. 

The Fallacy of Manipulating the Object. — The fallacy we are now 
interested in may be placed in contrast with the above syllogism. 
Pearson reasons as follows : 

1. A line is absolutely straight only if straight in every relation. 

2. The line I perceive as straight is straight only in this and a 
few other similar relations. 

3. Hence it is not absolutely straight : and so does not fulfill the 
geometrical definition. 

The experimental method of establishing this conclusion is as 
we find it in the passage already cited from Pearson. You choose 
any object about which you wish to prove your point ; you bring it 
into various new relations ; you note that it now differs in some man- 
ner from its condition in the original relation wherein you found it ; 
and now you are ready to infer — what ? That there is a concomitant 
variation of characters and relations? No! You infer rather that 
the original character was not a genuine character of the object 
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under investigation. The presupposition of this last statement is the 
major premise of Pearson's syllogism, above formulated. 

Apply this argument, as Pearson does, to the geometrical straight 
line, and you have the following train of thought: " Straightness is 
the quality of a certain line ; the quality is in the line ; hence, if you 
find in nature a line which seems to have straightness, you may test 
it surely by looking into the line. And, as the quality must be in 
there, no matter how you look, and, as you see best into the line by 
magnifying it, it follows that the more you magnify the line, the 
more likely you are to discern its straightness. If, then, you don't 
find the straightness, the line plainly lacks the quality 'absolutely.' 
For there is only one way in which a line can have a quality; and 
that is inside it. If the straightness is the appearance of the line 
at a distance; or if, to eliminate psychology altogether, the line casts 
a straight projection on a certain plane (though not on a certain 
other plane), this straightness does not 'belong' to it at all; it is not 
really its quality, or — as others would say — it is not a real quality of 
the line (but an ideal one)." 

Beductio ad Absurdum of this Argument. — The argument might, 
of course, be attacked through its metaphysical presuppositions. "We 
might urge, and correctly, too, that no adequate reason appears for 
our refusing to rate as an intrinsic or proper character of an entity 
one which the entity displays only under certain conditions. In 
saying this, we should be challenging the old substance-attribute 
hypothesis — and so dragging ourselves into a controversy too long 
to be here begun. Or, again, we might expand the point previously 
made, that "absolute," in a description of a figure, does not mean 
the same as "absolute" in metaphysics. But the most satisfactory 
refutation of the Pearsonian argument is that one wherein we apply 
the latter not to a supposed case of perceiving an idea, but to a per- 
fectly simple case of perceiving a character admittedly perceptual. 
The singular beauty of such an application is that it forces whom- 
soever accepts it to conclude that all perceptual qualities are pre- 
cisely the same sort of "ideal constructs" (or "scientific shorthand") 
that the geometer's straight line is. Here is a specimen of such 
reasoning. 

Consider a book with a blue cover. We wish to find out whether 
the book is really blue or not. First, we define blue as accurately as 
possible. "We state that it is the complementary of a designate yel- 
low, that it occupies a certain position in the spectrum, that it is 
produced by solar light being passed through water saturated with 
certain chemical compounds, etc., etc. "We next proceed to manipu- 
late the blue under observation, aiming to discover whether it re- 
mains constant under all conditions. We pick up a magnifying glass 
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and peering through it, discern the formerly even blue now streaked 
and criss-crossed with darker lines made by the warp and woof of 
the cloth. Then we put a small shred of the blue stuff under a high- 
power microscope, and lo! the color vanishes! What we now per- 
ceive does not occupy the place in the spectrum which we have de- 
fined as blue. Nor is it the complementary of a designate yellow. 
Nor is it that which is produced by solar light passed through the 
saturated solution above spoken of. In short, the book cover turns 
out to be not absolutely blue, but only relatively blue. And what 
conclusion shall we draw from this fact? We shall say — following 
the Pearsonian argument loyally — that the blue which we have de- 
fined is not a perceptual blue at all, but an "ideal construct," a 
piece of scientific shorthand invented for the sake of accelerating our 
intellectual transactions. The blue which is the complementary of a 
designate yellow can never be seen with mortal eye. And invisible 
is the blue that lies between green and violet in the normal solar 
spectrum. For has not that which seemed to be such a blue proved 
to lose the appearance of it when magnified ? 

The reader will discover readily enough that this reductio ad 
absurdum opens the way to a very important generalization touching 
the experimental method on which the argument rests. Is it not 
clear that no inference about a datum is valid which denies the im- 
mediate character of that datum absolutely ? Can we doubt that any 
argument which, by comparing percept with percept, comes to reject 
as "merely apparent" the character of such a percept, must end 
where Pearson ends unwittingly, namely, the complete erasure of all 
differences between percept and concept? The very logic by which 
one manipulates an ordinary object of perception so as to make it 
differ from its former self, thereby proving that it is not "really" 
what its former self seemed to be, — that very logic, I say, leads ir- 
resistibly to the preposterous conclusion that we can not see nor hear 
nor taste nor smell anything which we can define. The instant we 
can say with assurance that a character has a certain definite nature, 
the character escapes our senses and becomes a mental creation, a 
convenient artifact. And forthwith the fundamental difference be- 
tween concept and percept has disappeared, for the percept itself has 
ceased to exist as a designable entity. 

Two Objections to this Reductio ad Absurdum. — To the above 
refutation two replies promptly suggest themselves. In the first case, 
it may be urged that my comparison between the defining of the 
straight line and the defining of blue is quite unfair, in that the 
geometer does not derive his definition of the line in the manner that 
I have derived the definition of blue. He does not merely describe 
a line which he perceives ; he begins with a set of ultimate presuppo- 
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sitions and axioms, and from these he deduces his propositions 
about the straight line which he incorporates in his definition 
of the latter. Thus the definition resembles not at all that other 
one of the color; for this is a simple summary of characters seen, 
whereas the geometrical one builds upon other than perceptual foun- 
dations. The second objection to the reductio ad absurdum is that 
a genuine and completely defined straight line is not perceived. 
Such a line, we shall be told, is much more than a continuous, homo- 
geneous structure of one dimension ; it is a much more precise struc- 
ture than these few characterizations of it indicate. No geometer 
would accept these latter as a satisfactory definition. For the line 
can be defined adequately (unequivocally) only if based upon a 
number of axioms, such as the seven axioms of connection and the 
five axioms of order which Hilbert employs in his "Foundations of 
Geometry." Furthermore, we do not perceive the essential geo- 
metrical properties of the line whose definition is based upon those 
or similar axioms. For instance, between any two points on the line 
there exists an unlimited number of points ; but would anybody dare 
assert that he sees this infinitude whenever he glances at an appar- 
ently straight line ? Or, again, will he say that he actually sees that 
"there is no next position" in the linear continuum before him? If 
he will not, then he admits that what he sees is not what the geometer 
means and refers to under the term, "a geometrical straight line." 
Answers to These Objections. — The first objection is the less seri- 
ous. For few to-day will maintain it consistently. Geometers pretty 
generally concede that they get their original information about fig- 
ures and their relations from perceived forms. The primary subject 
of inquiry in geometry appears in its very name ; it is the measuring 
of the earth. And there can be no doubt that for centuries geom- 
eters had no thought of analyzing anything save the observable char- 
acter of space and spatial entities. Not until the end of the last gen- 
eration did another opinion arise and gain credence. And this new 
opinion does not contradict the earlier one, but only supplements it. 
According to it, geometry is founded upon certain postulates, cer- 
tain indemonstrables, and certain indefinables ; and, as these are made 
to vary, so varies the propositions which may be inferred from them. 
Thus, it becomes logically possible to construct a multitude of dif- 
ferent "geometries"; to do so, one has only to omit certain basic 
propositions. Thus, as Hilbert shows, 1 by dropping the axioms of 
congruence, one may deduce a plane geometry in which Desargues's 
theorem is not valid. But what does all this signify as to the relation 
between the "ideal" line of geometry and the perceptual line? 

'"Foundations of Geometry," §23. 
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Well, it signifies much less than has been commonly supposed. All 
it means is that modern geometers have unearthed the presupposi- 
tions (logical foundations) of natural space and have discovered 
that many of them are reciprocally independent (that is, they are 
not derivable from one another by deduction; and the implications 
of any one of them individually do not depend upon the other pre- 
suppositions). In finding such presuppositions, the investigator 
does not therewith alter either the character or that which presup- 
poses them. If the presuppositions have been correctly discerned, 
they must be the very propositions which imply the character of 
the observed spatial entities under inquiry. They must logically 
generate the straight line whose logical presuppositions we have 
been seeking. If they fail to do so, they are not the genuine pre- 
suppositions of the line (and its space system). 

In saying this, however, I may seem to have fortified those who 
raise the second objection. For I admit that the geometer defines 
the line, not by simple description of what is immediately seen, but 
rather in terms of the implications of certain perceived characters. 
And I grant that these implications themselves are not necessarily per- 
ceptible. Well then, is this not a confession that we do not perceive 
the line that is geometrically defined? This is quite different from 
Pearson 's argument, which is based upon the fallacy of manipulating 
the object. And it calls for serious consideration. It proves, however, 
to be untenable; for it leads to a fresh reductio ad absurdum, very 
much like the former one. 

Second Reductio ad Absurdum: — The features of the geometrical 
line which we do not perceive are the implicates of the fundamental 
space characters which we do see in the visible line. And, truly, we 
never see with our eyes the implicates of any percept. We discover 
them otherwise. But what of it? How does this fact establish an 
incongruity between the percept and the "ideal" line? What war- 
rant does it afford for the belief that the percept lacks some char- 
acters which the ideal entity possesses? And that this deficiency 
makes the former a different thing from the latter? For my part, I 
can not discern the slightest ground for such views. Indeed, they 
lead to a preposterous conclusion, once we apply their logic gener- 
ally. They compel the absurd inference that we never perceive 
anything whatever. This result can be shown in the following 
manner. 

The argument leading to it runs thus : 

1. We perceive the line A. (The distance between points 
B and C.) 

2. A, when analyzed logically, is found to imply (presuppose) 

m, n, o, p. . . . 
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3. Hence the "real" A is the entity logically determined by m, 
n, o, p, . . . 

4. Hence the "real" A is a logical entity and nothing else. 

5. Hence the "real" A is not a perceived entity. 

In this sequence two fallacies appear. The first shows itself in 
the equating of "logically determined" (in 3) with "a logical 
entity" (in 4). The second lies in the last assertion in 4, that A 
is nothing but a "logical entity." The former sounds plausible 
enough, so long as we are talking about the geometer's line; but it 
loses every guise of intelligibility, the instant we apply the equa- 
tional form to other matter. The fact that so much reasoning and 
logical analysis are required to define and describe adequately the 
straight line seems proof aplenty that the resulting entity defined is 
a creature of logic. But this turns out to be a mere impressionistic 
confusion, as I shall show in a moment. As for the second fallacy, 
it is the one which Perry has well named "the fallacy of exclusive 
particularity." 2 As it has been recently discussed in several places, 
the reader who is unfamiliar with it is referred to those passages. 
It is not my purpose to lay bare those errors ; I wish only to accept 
the argument using them and show that its consistent outcome is 
quite absurd. It is now time to do this. 

Suppose that we were investigating, instead of a straight line, a 
simple color. Suppose we asked ourselves what rigidly defined this 
particular red. We should not inquire into its actual cause, but only 
into the conditions of its generation in the logical sense. That is to 
say, we should not try to learn whether the color resulted, in this 
instance, from the combustion of calcium or from the glowing of a 
chunk of anthracite or from the setting sun shining through fog 
banks. Eather should we seek a set of propositions which determine 
logically a state of affairs (universe of discourse) wherein red can 
be defined in terms of some of those propositions. Thus, we might 
find that red implied (presupposed) a space system, a medium 
capable of propagating disturbances, a type of disturbance varying 
with respect to its rate and its amplitude, a refraction of the path of 
disturbance in passing from a medium of one density to that of 
another, and finally an index of refraction varying in a certain speci- 
fied mathematical manner with the disturbance rate. Given these 
conditions, the red we see might then be defined as that disturbance 
which, in a given spectrum, produces a line in a certain position 
(which might be numbered from any arbitrary point of reference or 
otherwise designated). From the point of view of logical analysis, 
such a definition would be identical in structure, origin, character, 

2 Cf . Perry, ' ' Present Philosophical Tendencies. ' ' Also, ' ' The New Real- 
ism," pages 14, etc. 
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and value with the geometer's definition of the straight line. It 
would be logically independent of the explanation of the particular 
existential red, and also adequate as a basis for deducing proposi- 
tions about the color. 

Now, as we perceive the plain red itself, we do not see the ether 
that we have presupposed. We do not witness the ether waves. We 
can not detect by immediate observation the refractive index nor 
the law of sines which it expresses. What then shall we infer as to 
the color which we do perceive? Following the original argument 
under criticism, we must say that the red perceived is not the rigidly 
defined red ; or, more loosely phrased, that the red we see is not the 
red which theoretical physics deals with in its deductions. Or, to 
revert to the inaccurate language Pearson employs in speaking of the 
straight line, we must say that the color we see is not "absolutely 
red" ; that it seems to be red but in reality isn't. 

Is not this a genuine reductio ad absurdum? The argument be- 
gins with perceptual red as a datum, and after having found the 
presuppositions which make that same perceptual red logically pos- 
sible, it ends by asserting that the logical presuppositions of the 
color prove that we do not really see the color! If this is not sheer 
nonsense, what is? 

There is another way of stating the defect latent in the argument ; 
but, as it properly demands lengthy consideration, I can only indi- 
cate it here. The discredit cast upon the percept rests ultimately 
upon the presupposition that an entity is not experienced "in its 
reality" unless its implications (presuppositions) are experienced 
in and with it. This, of course, is our old friend, the internal theory 
of relations, bobbing up in fresh guise. In our present matter of 
inquiry, the doctrine may be fairly restated as follows: "A percept 
which is not identical with its implicates does not possess the char- 
acters it seems to possess. ' ' A line which seems unqualifiedly straight 
really is not if its perceptual form does not contain the implicates of 
straightness. Now, as a general metaphysical theory and as a factor 
in theory of cognition, this hypothesis has been amply refuted by 
Spaulding. 3 But the particular weakness of its present application 
might profitably be worked out. Such an inquiry would show that 
that philosopher who asks a poor little percept or anything else to 
live up to his internal theory is asking a logical impossibility. For 
no state of affairs, no entity, no proposition is identical with its own 
implicates unless it implies only itself; but none does this, and none 
can do it without self-contradiction. But I am not going to essay 
the proof of all this now. I leave it as a suggestion to the reader. 

3 "The Logical Structure of Self -refuting Systems," Philosophical Review, 
1910. Also cf. his essay in "The New Realism, " pages 165, etc. 
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Conchision. — "We have considered the only two arguments which 
are advanced nowadays to prove that the fundamental entities and 
relations dealt with by geometry are not given perceptually, but are 
some sort of "constructs." We have found that each argument 
ends in a reductio ad absurdum wherein the very subject of inquiry 
itself is denied. We have not investigated the status of all geo- 
metrical entities ; but we have shown that, at least in the case of the 
straight line, the arguments against its perceptual existence are un- 
tenable. It is highly probable that the same might be shown with 
respect to several other entities, such as the circle, the triangle, the 
ellipse. At the same time, it is quite obvious that many other geo- 
metrical entities are imperceptible, such as the sine of an angle, 
or the dense series. It seems pretty safe to conclude, then, that 
we perceive exactly what we perceive ; that when we see a line 
as absolutely straight, we see an absolutely straight line. And 
the status of what we see is in no manner changed either (1) 
by the fact that, from another point of view and with other in- 
struments and other observers, it may exhibit another quality; 
or (2) by the fact that it does not exhibit all of its implicates. 
Both the qualities of other points of view and also the analytically 
discovered implicates are merely added characters, not nullifying 
forces. If this is true, then we must return to the natural and naive 
opinion that we directly perceive a number of geometrical entities; 
that these entities are not "ideal constructs" at all; that they are 
not constituted by their implicates; and finally that whether we can 
or can not perceive a geometrical entity depends upon the character 
of the particular entity in question, upon the angle of observation 
which we can take toward it, and upon the power of our perceiving 
organs. In short, the problem of perceiving such a one differs not 
at all from the problem of seeing a molecule. 

Walter B. Pitkin 

Columbia University. 



CONTENT VERSUS "KUNDGABE" IN INTROSPECTION 

PERHAPS the strongest charge which has been brought against 
the investigators who claim to have discovered "imageless 
thoughts" in introspective reports, is to the effect that no description 
of these new contents has, as yet, been secured. The criticisms of 
v. Aster 1 and Diirr 2 on Biihler's results bear upon this point, and 
since Diirr was one of the two observers upon whom Biihler relied 

1 Zsch. f. Psychol., 1908, 49, page 69. 
s Zsch. f. Psychol., 1908, 49, page 315. 



